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1. (8 %) Find the limit of

lim
4x→0

(2 + x +4x)
1
2 + ln (1 + (4x/x))2 − (2 + x)

1
2

4x

for some fixed x > 0.

2. (12 %) Compute

∫
xe2x2

sin x2dx.

3. (12 %) Suppose that function f satisfies f(x + y) = f(x) + f(y) for all x, y, and that

f is continuous at 0. Prove that f is continuous at every point.

4. (1) (10 %) Prove that the sequence
√

3,
√

3
√

3,

√
3
√

3
√

3, · · · converges.

(2) (8 %) Find the limit of the above sequence.

5. Define the linear transformation T : P2(R) −→ M2×2(R) by

T (f) =

(
f(1)− f(2) 0

0 2f(0)

)
, for f ∈ P2(R).

Here P2(R) denotes the collection of all polynomials of degree 2 with real coefficients

and M2×2(R) the set of all 2× 2 matrices with entries from R.

(1) (8 %) Find a basis for the null space of T .

(2) (8 %) Find a basis for the range of T .

6. (12 %) Let A be an n× n matrix with characteristic polynomial

f(t) = (−1)ntn + an−1t
n−1 + · · ·+ a1t + a0.

Prove that A is invertible if and only if a0 6= 0.

7. (10 %) Find all x ∈ R so that

rank




3 x x x
x 3 x x
x x 3 x
x x x 3


 < 4.

8. (12 %) Let A =

(
7 −8
3 −7

)
. Evaluate exp(A).


