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1. Let fp and f1 be two probability density functions. The Kullback-Leibler infor-

mation number is defined as

K(fo, f1) = Bolog ;g% f log ﬁtg fo(z)dz

Show that K(fg, fl) = 0. (12 points)

2. Suppose X4, -, X, are 1.i.d. uniform observations on the interval (6,6 + 1),

—00 < # < co. Find a minimal sufficlent statistic for . (10 points)

3. Suppose 2n random variables, X1, Y7, X5, Y5, -+, X, Y,,, are independent, and
foreach 7,7 =1, .- ,n, X; and Y] follow the normal distribution with mean p;,
and variance o2, ie. N(yi,ag). Here the parameters, pq,- -, pn and g2, are

assumed to be unknown.

(a,) Find the MLE of ¢2, 62, and show that ¢2 is a biased estimator of o°. (12

points)

(b) Based on &2, find the best unbiased estimator (UMVUE) of a2 (12 points)

4. Let X4, -, X, be a sample from a N(p;, 02) and Y7, --,Y,, be another inde-
pendent sample from a ;"\'T(;_LQ, ) where p is known. Define X = Yo X
=3r,Y,/m; S2 = — 1 Yo (X — X) and S = Y (Y — Y) Show

m— 1
that o
(X - Y) — (11 — o)
1 k'"' 1J5 +(m— 1,15 ”o
/ + P_ 'I} ntm—2 *

has a ¢ distribution with 1+ m — 2 degrees of freedom and S} /(p”S%) has an

F distribution with m — 1 and n — 1 degrees of freedom. (20 points)
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5. Suppose that Xi,---,X,, are 1.1.d. with a beta (,u, 1) pdf and Y3,--.,Y,, are

1i.d. with a beta(#,1) pdf. Also assume that the X's are independent of the Y's.
(a) Find an likelihood ratio test (LRT) of Hy : 6 = p versus Hy : 6 # p, and
show that this LRT can be based on

. SleX,
Ylog X, + X logy;

(12 points)

(b) When Hj is true, find the distribution of T, and then show how to get a

test of size a = 0.10. (10 points)

6. Let X1, -, X, be a sample with pdf f(z|f) = fexp(—6fz),r > 0. Here the

parameter ¢ is unknown and # > 0. Now we are interesting in testing
H,y:60=46, versus Hy : 8 < 6.

Find the UMP (uniformly most powerful) level a test. (12 points)
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